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ABSTRACT
The parametrized system called “ideal clock” is turned into an ordinary gauge sys-
tem and quantized by means of a path integral in which canonical gauges are admissible.
Then the possibility of applying the results to obtain the transition amplitude for empty
minisuperspaces, and the restrictions arising from the topology of the constraint sur-
face, are studied by matching the models with the ideal clock. A generalization to
minisuperspaces with true degrees of freedom is also discussed.
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I. INTRODUCTION
When the time is included among the canonical variables of a system and they are
all given in terms of an arbitrary parameter, the resulting formalism is invariant under
reparametrizations. We can have an “already invariant” system, like the gravitational
field, or we can “construct” one by taking any system and parametrizing it. Here we
exploit this feature to achieve a better understanding of the path integral quantization
for minisuperspace models.
Consider an isotropic and homogeneous Friedmann-Robertson-Walker (FRW) uni-
verse whose metric is
ds2 = N2dτ 2 − a2(τ)
(
dr2
1− kr2 + r
2dθ2 + r2sin2θdϕ2
)
.
The action for this cosmological model reads [1]
S =
∫ τ2
τ1
(
πφφ˙+ πΩΩ˙−NH
)
dτ (1)
where φ is the matter field, Ω ∼ ln a(τ), πφ and πΩ are their conjugate momenta, and
N is a Lagrange multiplier enforcing the Hamiltonian constraint
H = G(φ,Ω)(π2φ − π2Ω) + v(φ,Ω) ≈ 0. (2)
The presence of a constraint reflects the reparametrization invariance of the formalism,
namely, that the evolution of the system is given in terms of the parameter τ which does
not have physical significance [1,2,3,4].
In the case of an empty model (φ = 0) we have the simple constraint
H = −G(Ω)π2Ω + v(Ω) ≈ 0. (3)
This constraint can be obtained from that of the parametrized system called “ideal
clock” by means of an appropriate canonical transformation [5]. The ideal clock is said
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to be a “pure gauge” system, as it has only one degree of freedom and one constraint; it
is obtained by promoting the time t to the status of a canonical variable and considering
its evolution in terms of the parameter τ . Its action is
S =
∫ τ2
τ1
(
ptt˙−NH
)
dτ, (4)
with the constraint
H = pt − R(t) ≈ 0. (5)
To obtain the constraint (3), R(t) must be equal to t2.
In order to obtain the transition probability for a minisuperspace described by (3)
we shall turn the ideal clock into an ordinary gauge system [6,7,8] and calculate the
transition amplitude for it with the usual path integral procedure of Fadeev and Popov.
Then we shall study the quantum behaviour of the cosmological models by matching
them with the ideal clock. The result will generalize what is obtained by setting φ = 0
in the models of ref. 8, and, mainly, will provide us with a way to understand how the
topology of the constraint surface restricts the gauge choice. We shall also briefly discuss
the possibility of generalizing our procedure to models with true degrees of freedom.
II. PATH INTEGRAL FOR THE IDEAL CLOCK
According to the usual path integral procedure to quantize gauge systems [3] (i.e.
those with constraints that are linear and homogeneous in the momenta) in the case of
only one constraint G ≈ 0 the amplitude for the transition |Qi1, τ1 > → |Qi2, τ2 > is
given by
< Qi2, τ2|Qi1, τ1 >=
∫
DQiDPiDNδ(χ)|[χ,G]|eiS (6)
where χ is a gauge condition which selects only one point from each class of physically
equivalent points in phase space, and |[χ,G]| is the Fadeev-Popov determinant, which
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makes the result independent of the gauge choice; it is clear that it must be |[χ,G]| 6= 0.
The fact that the constraint is linear and homogeneous in the momenta makes canonical
gauge conditions admissible in the path integral [6,7].
The ideal clock described by the Hamiltonian (5) is a parametrized system, but we
can turn it into an ordinary gauge system, in order to compute its quantum transition
amplitude by means of the path integral (6) with G = H . To do this, two succesive
canonical transformations [7] are needed. The first transformation, (t, pt) → (Q0, P 0),
is generated by the function W solution of the Hamilton-Jacobi equation
∂W
∂t
− R(t) = E; (7)
matching E = P 0, a simple calculation gives
W (t, P 0) = P 0 t+
∫
R(t)dt, (8)
so that Q
0
, P 0 and the new hamiltonian K are related to t, pt and H by
Q
0
=
∂W
∂P
= t, pt =
∂W
∂t
= P 0 +R(t), K = NH. (9)
The variables Q
0
and P 0 verify
[Q
0
, P 0] = [Q
0
, H ] = 1,
so that Q
0
can be used to fix the gauge [3].
The second transformation is generated by
F = P0Q
0
+ f(τ), (10)
which yields
P 0 =
∂F
∂Q
0 = P0, Q
0 =
∂F
∂P0
= Q
0
, (11)
and a new non vanishing Hamiltonian
K = K +
∂f
∂τ
= NP0 +
∂f
∂τ
≈ ∂f
∂τ
. (12)
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Then, as a functional of Q0 and P0 the action of the ideal clock reads
S =
∫ τ2
τ1
(
P0
dQ0
dτ
−NP0 − ∂f
∂τ
)
dτ (13)
and in terms of the original variables [7]
S =
∫ τ2
τ1
(
pt
dt
dτ
−N(pt −R(t))
)
dτ + [Q0P0 −W − f ]τ2τ1 . (14)
The action (13) is that of an ordinary gauge system, as it has a non vanishing Hamil-
tonian ∂f
∂τ
and a constraint P0 ≈ 0 which is linear and homogeneous in the momenta.
The additional terms in (14) do not modify the dynamics, as it is clear that they can be
included in the integral as a total derivative. However, to guarantee that the new action
weighs the paths in (6) in the same way that the original one does, we must choose f
so that these terms vanish in a gauge such that τ = τ(t) [7]. With the canonical gauge
choice
χ ≡ Q0 − τ = t− τ = 0 (15)
we must choose
f(τ) = −
∫
R(τ)dτ. (16)
From (15) we have |[χ,G]| = |[Q0, H ]| = 1, δ(χ) = δ(Q0 − τ) = δ(t − τ), so that the
transition amplitude is
< t2, τ2|t1, τ1 > =
∫
DQ0DP0DNδ(Q
0 − τ) exp
(
i
∫ τ2
τ1
[
P0
dQ0
dτ
−NP0 − ∂f
∂τ
]
dτ
)
=
∫
DQ0DP0δ(P0)δ(Q
0 − τ) exp
(
i
∫ τ2
τ1
[
P0
dQ0
dτ
− ∂f
∂τ
]
dτ
)
= exp
(
i
∫ τ2
τ1
R(τ)dτ
)
. (17)
Hence, the probability for the transition from t1 at τ1 to t2 at τ2 is
| < t2, τ2|t1, τ1 > |2 = 1 (18)
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for any values of t1 and t2. This just reflects that the system has no true degrees of
freedom, because given τ we have only one possible t. We should emphasize that even
though we have used a gauge which makes this fact explicit, the path integral is gauge
invariant, and then we could have computed it in any gauge and the result would have
been the same. This can easily be verified by, for example, calculating the path integral
in terms of the original variables with the action (14) and the canonical gauge choice
χ ≡ t = 0:
< t2, τ2|t1, τ1 > =
∫
DtDptDNδ(χ)|[χ,H ]| ×
× exp
(
i
∫ τ2
τ1
[
pt
dt
dτ
−NH
]
dτ − i
∫ t(τ2)
t(τ1)
R(t)dt+ i
∫ τ2
τ1
R(τ)dτ
)
=
∫
DtDptδ(χ)δ(pt −R(t))|[χ,H ]| ×
× exp
(
i
∫ τ2
τ1
pt
dt
dτ
dτ − i
∫ t(τ2)
t(τ1)
R(t)dt+ i
∫ τ2
τ1
R(τ)dτ
)
= exp
(
i
∫ τ2
τ1
R(τ)dτ
)
. (19)
III. EMPTY MINISUPERSPACES
A way to get a better understanding of the quantization of certain minisuperspace
models is to recall that their Hamiltonian constraints can be obtained starting from a
mechanical system which has been parametrized by including the time t as a canonical
variable. It can be shown that the Hamiltonian constraint for an empty minisuperspace
H = −G(Ω)π2Ω + v(Ω) ≈ 0
can be obtained from that of the ideal clock with R(t) = t2,
H = pt − t2 ≈ 0,
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by means of a canonical transformation. If we define [5]
V (Ω) = sign(v)

3
2
∫ √ |v|
G
dΩ


2/3
(20)
the canonical transformation is given by
πΩ = −t∂V (Ω)
∂Ω
, pt = V (Ω). (21)
On the constraint surface pt − t2 = 0 we obtain
t = ±V (Ω), (22)
and then, we can try to quantize the minisuperspace by means of a path integral in the
variables t, pt. This clearly depends on the existence of a relation
V (Ω)↔ Ω,
but, as we shall see, the main restriction will be given by the geometrical properties of
the constraint surface.
The most general form of the potential for an empty FRW minisuperspace is
v(Ω) = −keΩ + Λe3Ω. (23)
Let us first consider the simple models with k = 0 or Λ = 0. For k = 0 (flat universe,
non zero cosmological constant) we have
v(Ω) = Λe3Ω,
and for Λ = 0, k = −1 (null cosmological constant, open universe) we have the potential
v(Ω) = eΩ.
In both cases, as well as for the open (k = −1) model with non zero cosmological
constant Λ > 0
v(Ω) = eΩ + Λe3Ω,
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given v and then V (Ω) we can obtain Ω = Ω(V ) uniquely. As Ω ∼ ln a(τ), from (22) we
then see that in the simplest cases our procedure is basically equivalent to identifying
the scale factor a(τ) of the metric with the time t of the ideal clock. As in this cases the
potential has a definite sign, the constraint surface splits into the two disjoint sheets
πΩ = ±
√√√√ v(Ω)
G(Ω)
.
Hence the gauge fixation in terms of the coordinate t of the ideal clock, which selects only
one path in the (t, pt) phase space, also selects only one path in the (Ω, πΩ) phase space;
this makes the quantization of this toy universes trivial, yielding a unity probability for
the transition from Ω1 to Ω2.
For the case k = 1, Λ > 0 (closed model with non zero cosmological constant), the
potential
v(Ω) = −eΩ + Λe3Ω,
is not a monotonic function of Ω, but it changes its slope when
Ω = ln
(
1√
3Λ
)
(24)
where it has a minimun, so that for a given value of v(Ω) we would have two possible
values of Ω. However, physical states lie on the constraint surface
−G(Ω)π2Ω − eΩ + Λe3Ω = 0,
which restricts the motion to
πΩ = ±
√
eΩ(Λe2Ω − 1)
G
.
As G is a positive definite function of Ω, the condition that πΩ must be real gives
Ω ≥ ln
(
1√
Λ
)
. (25)
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Hence, the potential does not change its slope on the constraint surface; this allows us
to obtain Ω = Ω(v) and the relation
Ω =
1
2
ln

Λ 23V + 1
Λ


holds in the physical phase space. There is, however, a problem resulting from the fact
that the potential has not a definite sign: as πΩ = 0 is possible in this model, the system
can evolve from Ω1 to Ω2 by two paths. Then given a gauge condition in terms of t we
do not obtain a parametrization of the cosmological model in terms of Ω only, and then
we cannot ensure that a path integral for t1 → t2 is equivalent to the path integral for
Ω1 → Ω2. This is related to the fact that, differing from the previous examples, this
model does not allow for the existence of an intrinsic time (see section V).
IV. TRUE DEGREES OF FREEDOM
The interest of systems with only one degree of freedom is clearly more conceptual
than practical. One should try to consider more degrees of freedom starting from the
action [10]
S[qi, pi, N ] =
∫ τ2
τ1
[
pt
dt
dτ
+ pk
dqk
dτ
−N
(
pt +H0(q
k, pk)− R(t)
)]
dτ, (26)
where H = pt + H0 − R(t) ≈ 0, which is obtained by including the time t among the
canonical coordinates of a mechanical system and recalling that a total derivative of t
does not change the dynamics. A very simple example in which this idea can be easily
applied is that of the Hamiltonian constraint
H =
1
4
e−3Ω(π2φ − π2Ω) + eΩ ≈ 0, (27)
which corresponds to a FRW minisuperspace model with a massless scalar field φ and
non zero curvature k = −1. The potential has a definite sign, so that we shall not find
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the obstruction just discussed for the potential −eΩ + Λe3Ω. It is easy to see that by
applying our procedure we are able to quantize this system avoiding derivative gauges
[6,7,1]: the parametrized system given by the action (26) is turned into an ordinary
gauge system by a generalization of the canonical transformation used for the ideal
clock, and then canonical gauges are admissible [7]. In fact, we can impose a canonical
gauge condition which identifies the coordinate Ω with a monotonic function T (τ), so
that Ω plays the role of a global phase time (strictly speeking, as a global phase time
T must fulfill [T,H ] > 0, we must choose Ω = T in the sheet πΩ < 0 of the constraint
surface, and Ω = −T in the sheet πΩ > 0). Then, after integrating on the multiplier
N and on the pure gauge variables Q0 and P0 (see ref. 7) we obtain the transition
amplitude
< φ2,Ω2|φ1,Ω1 >=
∫
DQDP exp
(
i
∫ T2
T1
PdQ±
√
P 2 + 4e4TdT
)
(28)
where the boundaries are given by T1 = Ω1, T2 = Ω2, and the paths in phase space go
from Q1 = φ1 to Q2 = φ2. The result shows the separation between physical degrees
of freedom (φ) and time (Ω). The reduced system is governed by a time-dependent
true Hamiltonian; this reflects that the field φ evolves subject to changing “external”
conditions, the metric which plays the role of time.
The expression (28) makes simple to compute the infinitesimal propagator (to ob-
tain the finite propagator we should still integrate on Q). As the path integral (28) is
analogous to that for a “relativistic particle” with a “mass” m = 2e2T in Minkowski
space, by recalling the results of ref. 11 (see equation (68)) with ν = ∓1, γ = 1 and
σ = 1
2
√
(T2 − T1)2 − (Q2 −Q1)2 we obtain
< φ2,Ω1 + ǫ|φ1,Ω1 >= ± ǫ e
2Ω1√
ǫ2 − (φ2 − φ1)2
H
(1)
1 (2e
2Ω1
√
ǫ2 − (φ2 − φ1)2), (29)
where H
(1)
1 is the Hankel function defined in terms of the Bessel functions J1 and N1 as
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H
(1)
1 = J1 + iN1. This propagator fulfills the boundary condition < φ2,Ω1 + ǫ|φ1,Ω1 >
→ δ(φ2 − φ1) when ǫ→ 0.
We should emphasize that we have succeeded in quantizing the model by imposing
a canonical gauge condition because the potential has a definite sign and then allows to
parametrize the system in terms of the coordinate Ω; this is not the general case.
V. DISCUSSION
The gauge choice is not only a way to avoid divergences in the path integral for
a constrained system, but also a reduction procedure to physical degrees of freedom.
When we choose a gauge to perform the integration in (6), at each τ we select one point
from each class of equivalent points; if we do this with a system which is pure gauge,
i.e. that has only one degree of freedom and one constraint, we select only one point of
the phase space at each τ. For example, the gauge choice (15), t − τ = 0, means that
the paths in the phase space can only go from t1 = τ1 at τ1 to t2 = τ2 at τ2; there is no
other possibility. Hence, the probability that the system evolves from t1 at τ1 to t2 at
τ2 cannot be anything else but unity. Then if we can write the time t in terms of only
the coordinate Ω of a minisuperspace, its evolution is parametrized in terms of Ω, there
is only one possible value of Ω at each τ , and the quantization of the model is therefore
trivial.
It is clear that the models studied in the present work have an almost purely formal
interest. However, by matching them with the ideal clock they are useful to get a bet-
ter understanding of some of the difficulties that we find when we try to quantize the
gravitational field. In particular, our procedure reflects the obstruction that a potential
with a non definite sign can mean for the path integral quantization if one wants to im-
pose canonical gauges: when the constraint hypersurface does not split into two disjoint
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sheets, we cannot find a function of the coordinates only which plays the role of time
coordinate; this of course generalizes to systems with true degrees of freedom.
Let us go back to the general potential for an empty model v(Ω) = −keΩ + Λe3Ω,
with k = ±1. As the natural size of the configuration space for the case k = 1 is given
by (25), from (20) with G = 1
4
e−3Ω we obtain
V (Ω) =
Λe2Ω − k
Λ2/3
(30)
and from (22) we have
t = ±Λ−1/3
√
Λe2Ω − k, (31)
with k = ±1. From (21) we have
t = −πΩ
(
∂V
∂Ω
)
−1
= −1
2
Λ−1/3e−2ΩπΩ, (32)
so that if we write the time in terms of Ω only, in (31) we must choose + for πΩ < 0
and − for πΩ > 0 to ensure that [t, H ] > 0 [9]. Now an important difference between
the cases k = 1 and k = −1 arises: for k = −1 the potential is positive definite for finite
values of Ω, so that πΩ cannot change its sign; then, the system evolves on only one of
two disjoint sheets, and given the initial value of πΩ the evolution can be parametrized
by a function of Ω. Instead, for k = 1 the momentum can change its sign, so that
the initial conditions do not suffice to define a time in terms of Ω only, and we must
necessarily define t = t(Ω, πΩ) (extrinsic time [12]). This means a general restriction
to our path integral procedure involving canonical gauges: the nonexistence of a time
in terms of the coordinates only (intrinsic time [12]) is equivalent to the impossibility
of quantizing the system by imposing a gauge condition χ ≡ f(qi, τ) = 0 which gives
τ = τ(qi); then we cannot guarantee that the path integral in terms of the gauge system
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into which we turned a cosmological model is equivalent to a path integral in the original
variables (see section II and ref. 7).
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